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ABSTRACT 

A mapping F\ R -» R (not necessarily additive) is called left multiplicative generalized derivation if F(xy) = 
d(x)y + xF(y),for allx.yin R, where d is any map (not necessarily derivation or additive map). In the present paper 
we have discussed the commutativity of prime rings admitting a left multiplicative generalized derivation F satisfying (i) 
\F(x), x] = 0, (ii) F(\x, y|) = [x,y], and (iii) F(xoy) — xoy.for all x,yin R. 
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INTRODUCTION 

Preliminaries 

Throughout this paper/? will be denotes an associative ring with the center Z(R). If n > 1, a ring R is 
said to be n- torsion free, if for x £ R, nx = 0 implies x = 0. Recall that a ring R is called prime if for any 
x,y £ R, xRy — {0} implies that either x — 0 or y — 0. An additive mapping d: R -» R is called a derivation if 
d(xy) = d(x)y + xd(y'), for all x,y £ R. An additive mapping d :/?-»/? is called a left derivation if (xy) = 
xd(y ) + yd(x), for all x,y £ R. An additive mapping F: /?—>/? is called a generalized derivation if there exists a 
derivation </:/?->/? such that F(xy ) = F(x)y + xd(y), for all x,y £ R. An additive mapping F: R -» R is called 
a left generalized derivation if there exists a derivation d.R—>R such that F(xy) = xF(y ) + d(x)y , for all for all 
x,y £ R. A mapping F:R -> R (not necessarily additive) is called a left multiplication generalized derivation 
F(xy) = xF(y) + d(x)y, for all for all x,y £ R where d is any map (not necessarily additive map or derivation). 
An additive subgroup U of R is to a lie ideal of F?if [U, /?] £ U. Where \x, y] denotes the lie product xy — yx of x 
and y. A mapping f:R->R is called centralizing on S if \f(x), x] £ Z for all x £ S and is called commuting on S 
if \F(x),x | = 0 for all x £ S. Throughout the present paper we shall make extensive use of the following basic 
commutator identities without any specific mention: 

\xy,z\ = x[y,z\ + \x,z\y ; \x,yz\ = y\x,z\ + [ x,y]z 

xo(yz) = (xoy)z — y[x,z\ = y(xoz ) + \x,y]z 
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(xy)oz = x(yoz) — [x,z]y = (xoz)y + x[y,z\. 

The study of the commutativity of prime rings with derivations was initiated by E. C. Posner [13]. Hvala [10] 
introduced the notions of generalized derivations in rings. Mayne J. H [11] studied the centralizing mappings of prime 
rings. Daif. M. N and Bell. H. E [7] established that if in a semiprime ring R there exists a nonzero ideal I of R and a 
derivation d such that d(\x,y\) — \x,y\ for all x,y £ I, then 7 £ Z(7?). Bresar. M [5] studied commuting traces of bi 
additive mappings, commutativity- preserving mappings and lie mappings. Awtar. R [2] lie structure in prime rings with 
derivations. Ashraf. M and Rehman. N [1] extended the mentioned result for lie ideals of R. Subba Reddy et al. [14-17] 
studied left multiplicative generalized derivations in prime and semi prime rings. Nadeem-ur-Rehman [12] studied on 
commutativity of rings with generalized derivations. In this paper we extended some results on commutativity of rings with 
left multiplicative generalized derivations. 

• Lemma 1: If U £ Z(R) is lie ideal of a 2-torsion free prime ring R and a,bER such that a U b = 0, then a — 0 
or b = 0. 

Proof: An ideal M of R such that [M,R] <t Zbut [M,R] c 77. If u £ U , m £ M , and y £ R then [ mau,y] £ 
[M, 7?] c 77 , thus 0 — a[mau,y]b — a[ma,y]ub + ama[u,y]b — a(may — yma)ub — amayub , since 
a[u,y]b £flUi) = 0. Thus aMaR U b = 0. Ifa A 0, since R is prime we get Ub = 0; so, if x £ R, u £ 77 then 
( ux — xu) £ 77, whence ( ux — xu)b — 0, and so uxb — 0. In other words, uRb = 0; since t/ A 0, we get b — 0. 

• Lemma 2: Let R he a 2-torsion free prime ring and U a nonzero lie ideal of R. If d is a nonzero derivation of R 
such that d(77) — 0, then U £ Z(R). 

Proof: Let u £ U, x £ R; since d(u) = 0 and d(ux — xu ) = 0, we get 
ud(x ) — d(x)u = d(ux — xu) — 0. 

Therefore u is a centralizer d(R). We have u £ Z; hence U c Z. 

• Lemma 3 ([2, Theorem 7]): Let R he a 2-torsion free prime ring and U a nonzero lie ideal of R. If d is a nonzero 
derivation of R such that |it, d(u) \ £ Z(R) for all £ U, then U £ Z(R). 

• Lemma 4 ([ 3 , Theorem 4 ]): Let R be a prime ring and / a nonzero left ideal of R. If R admits a nonzero 
derivation d such that [ x, d(x) \ is cenUal for all x £ /, then R is commutative. 

• Lemma 5: If R is a prime ring contains a nonzero commutative right ideal 7, then 7? is a commutative. 

Proof: If* £ 7, then I x (l) — [x, I] — 0. Since 7 is commutative then I x = 0 on R and x is a centre. Thus [x, 7?] = 
0, for every x £ 7. Hence 7 a (7) = 0, for all a £ 7?. Since 7 is commutative then again I a — 0 and a is a centre, for 
all a £ R. Therefore 7? is a commutative. 

• Lemma 6: Let 7? be a 2-torsion free prime ring and 77 a nonzero lie ideal of 7?. If 77 is a commutative lie ideal of 
R, i.e. [u, v] — 0, for all u,v £ 77, then U £ Z(R). 

Proof: Since 77 is a commutative lie ideal of 7?, i.e. [u, v\ — 0, for all u, v £ 77. 

Replacing v by |u, r] in above equation then, we get 
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[u, [u,r]] = 0, for all u E U, r £ R. 

Again replace r by rs in above equation then, we get 
[u, [u,rs]] = 0, for all u £ U,r,s E R. 

[u, [u, r]]s + r[ u, [u,s]] + 2[u,r][u,s] = 0, for all u E t/and r,s £ R. 

2[u,r][u,s] = 0, for all u £ t/and r,s £ R. 

Since char(F) ^ 2, we get 

[u, r][u,s] = 0, for all u £ t/and r,s £ R. 

Replacing s by sr in above equation then, we get 
[ u,r][u,sr ] = 0 
[u,r]s[u,r] + [ u,r][u,s]r = 0 
[u,r]R[u,r] — 0, for all u £ U and r £ R. 

Thus primness of R forces that [u,r] = 0, for all u £ U, r £ R, and hence U £ Z(F). 

Theorem 1 

Let R be a 2-torsion free prime ring and U a nonzero lie ideal of R such that u 2 £ U, for all u £ U. If R admits a 
nonzero left multiplicative generalized derivation F with d such that [F(it),u] = 0, for all u £ U, and it’d ^ 0, then 
U £ Z(R). 

Proof 

We have, [F(u), u\ = 0, for all u £ U (1) 

Linearizing equation (1) and using equation (1), we get 
[F(it + v),u + v] = 0 
[F(it) + F{y~),u + v] = 0 
[F(u),u] + [F(u),v] + [F(u),u] + [F(v), v] — 0 

[ F(u ), v] + [F( v), u] — 0, for all u,v £ U. (2) 

Notice that vw + wv = (v + w) 2 — v 2 — w 2 , for all v,w E U. 

Since u 2 £ U , for all u £ U, vw + wv £ U. Also vw — wv £ t/, for all v, w £ U. 

Hence we find that 2 vw £ U, for all v,w £ U. 

Replacing v by 2uv in equation (2) and use equations (1) and (2) then, we get 
[F(it), 2 uv] + [F(2uv), u] = 0, for all u,v £ U. 

[F(u), 2uv] + [2 uF(v) + 2d(u)v,u] — 0 
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2 u[F(u), v] + 2[F(u),u]i7 + 2 [uF(v),u] + 2 [d(u)i7,u] = 0 

2u[F(u),i7] + 2[F(ti),u]i7 + 2ti[F(i7),u] + 2[u,u]F(i7) + 2d(u)[i7,u] + 2[d(u),u]i7 = 0 
2[d(u),u]v + 2d(u)[i7,u] = 0 
Since R is a 2-torsion free then, we get 

[d(u),u]v + d(u)[v,u] = 0, for all u,v £ U. (3) 

Replacing v by 2vw in equation (3) and using equation (3) then, we get 
[d(u), u]2vw + d(u)[2i7w,u] = 0 
[d(u\u]2vw + 2d(u)v[w,u] + 2d(u')[v,u]w — 0 
2d(u')v[w,u] = 0 

d(u)v[w,u] = 0, for all u,v,w £ U. 

And hence ( u)Ud(u ) = (0), for all u,w £ U. 

Thus for each u £ U, by lemma 1 we find that either d(u) — 0 or [w,u] — 0. 

Now let A — {u £ U/[w,u\ — 0,/or all w £ f/}and B = {u £ U/d(u ) = 0}. 

Then A and B are additive subgroups of (/and U — A U B. But a group cannot be a union of two its proper 
subgroups, and hence U — Aor U — B. If U — A, then d(u) — 0. 

Thus by lemma 2, we get the required result. On the other hand if [w, u] — 0 for all u,w £ U, then by lemma 6, 
we get U £ Z(JV). This completes the proof of the theorem. 

Using the same techniques with necessary variations, we can prove the following corollary even without the 
characteristic assumption on the ring. 

Corollary 1 

Let R be a prime ring. If R admits a nonzero left multiplicative generalized derivation F with d such that 
\F(x),x | = 0, for all x £ F, and if d A 0, then R is a commutative. 

Theorem 2 

Let R be a 2-torsion free prime ring and U a nonzero lie ideal of R such that u 2 £ U, for all u £ U. If R admits a 
left multiplicative generalized derivation F with d such that F([u, v]) — [u, v], for all u,v £ 1), and if F = 0 or d A 0, 
then U £ Z(R). 

Proof 

Given that F is a left multiplicative generalized derivation of R such that, 

F([u, t?]) = [u, i;], for all u,v E U. 

If F = 0, then [u, 17 ] = 0, for all u,v £ U. 

Thus lemma 6, we get the required result. 
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Now, onward we assume that F 0. Suppose on contrary that U $£ Z(R). 

We have F([u, vf) = [u, v], for all u,v £ U. 

F(uv — vu) — [u, v] 

F(uv ) — F(yu ) = [u, v] 

uF(y ) + d(u)v — vF(u ) — d(y)u = [u, v] (4) 

Replacing v by 2uv in equation (4) and using the fact that char ( R) =£ 2, we find that 
uF(2uv) + d(u)2uv — 2uvF(u) — d(2uv)u = [u, 2uv] 

2u 2 F(y ) 4- 2 ud(u)v 4- 2 d(u)uv — 2uvF{u) — 2d(u)vu — 2ud(y')u — 2u[u,v] + 2[u,u\v 
2u(uF(v) 4- d(u)v — uF(u) — d(v)u ) 4- 2d(u)[uv — vu] = 2u[u, v] 

Using equation (4) then, we get 

d(u)[u, v] = 0, for all u,v E U. (5) 

Again replacing v by 2 vw then, we get 
d(u)[u, 2vw] = 0, for all u,v,w £ U. 
d(u)2u[u,w] 4- d(u)2[it, v]w — 0 
2 d(u)v[u,w] 4- 2d(u)[u, v]w = 0 
d(u)v[u,w] = 0, for all u,v,w £ U. 

And hence d(u ) U [u, w] = 0, for all u,w £ U. 

Thus for each u £ U, by lemma 1, either d(u) = 0 or [u,w] = 0. 

Now, let U 1 —{uC U/d(u) — 0}and U 2 = {u £ U/[u,w ] = 0,/or all w £ U}. 

Then!/ and !/ 2 both are additive subgroups of 1/and IJ 1 U IJ 2 = U. Thus either U 1 — U or U 2 — U. If U 2 — U, then 
[U,W] = 0, for all u, w £ U. Hence by lemma 6, we get U £ Z(R), contradiction. On the other hand if U 1 — U, then 
d(!/) = 0, for all u £ U. Thus by lemma 2, we get U £ Z(R), again a contradiction. This completes the proof of the 
theorem. 

Theorem 3 

Let R be a 2-torsion free prime ring and U a nonzero lie ideal of R such that u 2 £ U, for all u £ U. If R admits a 
left multiplicative generalized derivation F with d such that F([u, v\) + [ u, v ] = 0, for all u,v £ !/, and if F = 0 or d A 
0, then U £ Z(R). 

Proof 

Given that F is a left multiplicative generalized derivation of R such that, 

F([u, v ]) 4- [u, v ] = 0, for all u, v £ U. 


www.tjprc.org 


editor@tjprc. org 



58 


K. Chennakesavulu, C. Jaya Subba Reddy, 
A. Siva Kameswara Kumar & K. Nagesh 


If F — 0, then [u, v] = 0, for all u,v £ U. 

Thus lemma 6, we get the required result. 

Now, onward we assume that F ^ 0. Suppose on contrary that U <£ Z(R). 

We have F([u, t?]) + [ u, v] — 0, for all u, v £ U. 

F(uv — vu ) + [u, v] — 0 
F(uv) — F(xm) + [u,v] = 0 

uF( v) + d(u)v — vF(u ) — d(v)u + [u, v] = 0 (6) 

Replacing v by 2 uv in equation (6) and using the fact that char (R) ^ 2, we find that 
uF(2uv) + d(u)2uv — 2uvF(u) — d(2uv)u + [u,2uv\ = 0 

2 u 2 F(y) + 2ud(u)v + 2d(u)uv — 2uvF(ii) — 2d(u)vu — 2ud(y')u + 2u[u, r>] + 2[u,u]t7 = 0 
2u(uF(y ) + d(u)v — vF(u ) — d(v)u + [u, t?]) + 2d(u)[uv — vu] = 0 
Using equation (6) then, we get 

d(u)[u, v] = 0, for all u, v £ U. (7) 

The equation (7) is same as equation (5) in theorem 2. Thus, by same argument of theorem 2, we can conclude the 
result is there. Thus the proof is completed. 

Theorem 4 

Let R be a 2-torsion free prime ring and U a nonzero lie ideal of R such that u 2 £ U, for all u £ U. If R admits a 
left multiplicative generalized derivation F with d such that F(uov ) = uov, for all u, v £ F, and if F = 0 or d ^ 0, then 
U £ Z(R). 

Proof 

Given that F is a left multiplicative generalized derivation of R such that, 

F(uov ) = uov, for all u,v £ U 
If F = 0, then we have 

uov — 0, for all u,v £ U (8) 

Replacing v by 2wv in equation (8) and using equation (8) then, we get 
uo(2wv) = 0 
2w(uot7) + 2[u, w]v = 0 
2 [u,w]v — 0 

[u,w]v — 0, for all u,v,w £ U. 

Again replace vby [u, r], we get 
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[u, w] [it, r] = 0, for all it, w £ U, r £ R. 

For any s £ R, we replacing r by rs then, we get 
[u,w][it, rs] = 0 
[u,w]r[u,s] + [u,w][u,r]s — 0 
[it, w]F[u,s] = 0, for all it, w £ U,r,s £ R. 

Thus, in particular we have [it, w]R[u, w] — 0, for all it, w £ U,r £ R. 

Thus, primness of R yields that [u, w] = 0, for all u,w £ U. 

And hence by lemma 6, we get the required result. 

Therefore now onward we shall assume that F A 0. Suppose on contrary that U <£ Z(R). 

We have, F(uov) = uov , for all u,v £ U. 

F(uv + vu) = uov 
F(uv ) + F{vu ) = uov 

uF(v) + d(u)v + vF(u ) + d(v)u = uov, for all u,v £ U. (9) 

We replacing v by 2uv in equation (9) then, we get 
uF(2uv) + d(u)2uv + 2uvF(u) + d(2uv)u = uo2uv. 

2 u 2 F(v) + 2ud(u)v + 2d(u)uv + 2uvF(u) + 2d(u)vu + 2ud(v)u = 2u(uov) + 2[u, u]v 
2u(uF(t7) + d(u)v + vF(u) + d(v)u — (uov)) + 2d(u)uv + 2d(u)vu — 0 
Using equation (9), then we get 
2d(u)uv + 2d(u)vu = 0 
2d(u)(uv + vu) = 0 

d(u)(uov) — 0, for all it, u £ U. (10) 

Again replace i?by 2vw, we get 
d(u)(uo2vw) — 0 
d(u)(2(uov)w — 2v[u, w]) = 0 
2d(u)(uov)w — 2d(u)v[u, w] = 0 
Using equation (10), then we get 
—2d(u)v[u,w] = 0 

d(u)v[u, w] = 0, for all u, v, w £ U. (11) 

Note that the equation (11) as the same arguments given in the proof of theorem 3, hence repeating the same 
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process we get the required result. Thus the proof is completed. 

Theorem 5 

Let R be a 2-torsion free prime ring and U a nonzero lie ideal of R such that u 2 £ U, for all u £ U. If R admits a 
left multiplicative generalized derivation F with d such that F(uov ) + uov=Q. for all u,v £ U , and if F = 0 or d A 0, 
then U £ Z{R). 

Proof 

Given that F is a left multiplicative generalized derivation of R such that, 

F(uov ) + uov — 0, for all u,v £ U 
If F = 0, then we have 

uov — 0, for all u,v £ U (12) 

Replacing v by 2 wv in equation (12) and using equation (12) then, we get 
uo(2wv) = 0 
2w(uov) + 2[u,w]v = 0 
2[u,w]v = 0 

[u,w]v = 0, for all u,v,w £ U. 

Again replace vby [u,r], we get 
[u,w][u, r] = 0, for all u,w £ U,r £ R. 

For any s £ F, we replacing r by rs then, we get 
[: u,w][u,rs ] = 0 
[u,w]r[u,s] + [u,w][u,r]s = 0 
[u,w]R[u,s] = 0, for all u,w £ U,r,s £ R. 

Thus, in particular we have [u,w]R[u,w] = 0, for all u,w £ U, r £ R. 

Thus, primness of R yields that [u, w] — 0, for all u,w £ U. 

And hence by lemma 6, we get the required result. 

Therefore now onward we shall assume that FA 0. Suppose on contrary that U <£ Z (R). 

We have, F(uov) + uov = 0, for all u,v £ U. 

F(uv + v u) + uov = 0 
F(uv) + F(vu) + uov = 0 

uF(v) + d(u)v + vF(u) + d(v)u + uov = 0, for all u,v £ U. (13) 

We replacing v by 2 uv in equation (13) then, we get 
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uF{2uv) + d(u)2uv + 2 uvF(u) + d{2uv)u + uo{2uv ) = 0. 

2u 2 F(v ) + 2ud(u)v + 2d(u)uv + 2uvF(u ) + 2d(u)vu + 2ud(v)u + 2u(uov ) + 2 [u,u]v — 0 
2u(uF{v) + d(u)v + vF(u ) + d(v)u + ( uov )) + 2d(u)uv + 2 d(u)vu = 0 
Using equation (13), then we get 
2 d{u)uv + 2d{u)vu = 0 
2d{u){uv + t7u) = 0 

d(u)(uov ) = 0, for all u,v E U. (14) 

The equation (14) is same as equation (10) in theorem 4. Thus, by same argument of theorem 4, we can conclude 
the result is there. Thus the proof is completed. 

IDEALS AND LEFT MULTIPLICATIVE GENERALIZED DERIVATION ON PRIME RINGS 

Theorem 6 

Let R be a prime ring and / a nonzero ideal of R. If R admits a left multiplicative generalized derivation F with d 
such that F(xoy ) = xoy holds for all x,y £ /, and if F = 0 or d 4= 0, then R is a commutative. 

Proof 

Given that F is a left multiplicative generalized derivation of R such that. 

We have, F {xoy) — xoy , for all x,y E I. 

If F = 0, then xoy = 0, for all x,y El. 

Replacing y by zy in above equation then, we get 

xo{zy) — 0 

z{xoy) + [x, z\y — 0 

\x,z\y = 0, for all x,y, z E I. 

And hence [x,z]RI = (0), for all x, z £ I. 

Since / A (0), and R is a prime, we get 
[x, z\ = 0, for all x,z E I. 

And hence by lemma 5, R is a commutative. Hence onward we assume that F A 0. 

We have, F(xoy) = xoy , for all x,y E I. 

F(xy + yx) = xoy 
F(xy) + F(yx) = xoy 

xF(y) + d(x)y + yF(x) + d{y)x = xoy , for all x,y E I. (15) 

Replacing y by xy in equation (15) then, we get 
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xF(xy) + d(x)xy + xyF{x ) + d(xy)x — xoxy 

x 2 F(y ) + xd{x)y + d(x)xy + xyF{x) + d(x)yx + xd(y)x = x(xoy) + [x,x]y 
x(xF(y ) + d(x)y + yF(x) + d(y)x — ( xoy )) + d{x)xy + d(x)yx = 0 
Using equation (15), we get 
d(x)xy + d(x)yx = 0 
d(x)(xy + yx) = 0 

d(x)(xoy) — 0, for all x,y £ /. (16) 

Again replace y by yz in above equation then, we get 
d(x)(xoyz) = 0 
d(x)[(xoy)z — y[x, z]) = 0 
d(x)(xoy)z — d(x)y[x, z] = 0 
Using equation (16) then, we get 

d(x)y[x,z] = 0, for all x,y,z £ /. (17) 

And hence d(x)RI[x,z\ = 0, for all x,z £ /. 

Thus primness of /? forces that for each x £ / either d(x) = 0or/[x, z] = 0, for allx,z £ /. The set of x £ / for 
which there two properties hold are additive sub groups of / whose union is I, and therefore, d(x) = 0, for all x £ / or 
/[x, z] = 0, for all x, z £ /. If 7[x, z] = 0, for all x,z £ /, then 7/?[x,z] = 0. Since 7 A 0, we find that [x,z\ — 0, for all 
x,z £ 7, and hence by lemma 5, 7? is a commutative. On the other hand if d(x) = 0, for all x £ I, then implies that 
[d(x), x] — 0, for all x £ 7, and hence by lemma 4,7? is a commutative. 

Theorem 7 

Let 7? be a prime ring and 7 a nonzero ideal of 7?. If 7? admits a left multiplicative generalized derivation F with d 
such that F(xoy) + xoy= 0 holds for all x,y £ 7, and if F = 0 or d A 0, then Fisa commutative. 

Proof 

Given that F is a left multiplicative generalized derivation of R such that. 

We have, F(xoy) + xoy= 0, for all x,y £ 7. 

If F = 0, then xoy — 0, for all x,y El. 

Replacing y by zy in above equation then, we get 
xo(zy) = 0 
z(xoy) + [x, z]y — 0 
[x, z]y = 0, for all x, y, z £ 7. 
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And hence [x,z]RI = (0), for all x,z E /. 

Since / A (0), and R is a prime, we get 
[x, z] = 0, for all x, z E I. 

And hence by lemma 5, R is a commutative. Hence onward we assume that FA 0. 

We have, F(xoy ) + xoy= 0, for all x,y E I. 

F(xy + yx) + xoy =0 
F(xy) + F(yx ) + xoy =0 

xF(y) + d(x)y + yF(x) + d(y)x + xoy=0, for all x,y E I. (18) 

Replacing y by xy in equation (18) then, we get 
xF(xy ) + d(x)xy + xyF(x ) + d(xy)x + xoxy = 0 

x 2 F{y ) + xd(x)y + d(x)xy + xyF{x ) + d(x)yx + xd(y)x + x(Aoy) + [x,x]y = 0 

x(xF(y) + d(x)y + yF(x) + d(y)x + (xoy)) + d{x)xy + d(x)yx = 0 

Using equation (18), we get 

d(x)xy + d(x)yx = 0 

d(x)(xy + yx) = 0 

d(x)(xoy) — 0, for all x,y £ /. (19) 

The equation (19) is same as equation (16) in theorem 6. Thus, by same argument of theorem 6, we can conclude 
the result is there. Thus the proof is completed. 

CONCLUSIONS 

• In this article we proved some theorems (l)-(5) that are interms of a nonzero left multiplicative generalized 
derivation satisfies certain condition implies . 

• In the next section we proved two theorems about commutativity see Theorem (6)-(7). 
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